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Abstract
In this paper, we investigate the generalized Leonardo sequences and we deal with, in detail,
three special cases, namely, modified Leonardo, Leonardo-Lucas and Leonardo sequences. We
present Binet’s formulas, generating functions, Simson formulas, and the summation formu-
las for these sequences. Moreover, we give some identities and matrices related with these
sequences. Furthermore, we show that there are close relations between modified Leonardo,
Leonardo-Lucas, Leonardo numbers and Fibonacci, Lucas numbers.
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1. Introduction
The sequence of Fibonacci numbers {Fn} and the sequence of Lucas numbers {Ln} are
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Fn = Fn−1 + Fn−2, n ≥ 2, F0 = 0, F1 = 1,
and
Ln = Ln−1 + Ln−2, n ≥ 2, L0 = 2, L1 = 1
respectively. The generalizations of Fibonacci and Lucas sequences lead to several nice and
interesting sequences.
In [5], Catarino and Borges introduced a new sequence of numbers called Lenonardo num-
bers. They defined Lenonardo numbers as
ln = ln−1 + ln−2 + 1, n ≥ 2,
with l0 = 1, l1 = 1. The first few values of Lenonardo numbers are
1, 1, 3, 5, 9, 15, 25, 41, 67, 109, 177, 287, 465, . . .
Lenonardo sequences has been studied by many authors, see for example, [1,4,14,24].
Now, we define two sequences related to Lenonardo sequence. Modified Leonardo and
Leonardo-Lucas numbers are defined as
Gn = Gn−1 +Gn−2 + 1, with G0 = 0, G1 = 1, n ≥ 2,
and
Hn = Hn−1 +Hn−2 − 1, with H0 = 3, H1 = 2, n ≥ 2,
respectively. The first few values of modified Leonardo and Leonardo-Lucas numbers are
0, 1, 2, 4, 7, 12, 20, 33, 54, 88, 143, 232, 376, . . .
and
3, 2, 4, 5, 8, 12, 19, 30, 48, 77, 124, 200, 323, . . .
respectively. The sequences {Gn}, {Hn} and {ln} satisfy the following third order linear re-
curences:
Gn = 2Gn−1 −Gn−3, G0 = 0, G1 = 1, G2 = 2,
Hn = 2Hn−1 −Hn−3, H0 = 3, H1 = 2, H2 = 4,
ln = 2ln−1 − ln−3, l0 = 1, l1 = 1, l2 = 3.
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There are close relations between modified Leonardo, Leonardo-Lucas, Leonardo numbers and
Fibonacci, Lucas numbers. For example, they satisfy the following interrelations:
Gn = Fn+2 − 1,
Hn = Ln + 1,
ln = 2Fn+1 − 1,
and
5Gn = 3Ln+1 + Ln − 5,
Hn = 2Fn+1 − Fn + 1,
5ln = 2Ln+1 + 4Ln − 5.
The purpose of this article is to generalize and investigate these interesting sequence of
numbers (i.e., modified Leonardo, Leonardo-Lucas, Leonardo numbers). First, we recall some
properties of generalized Tribonacci numbers. The generalized (r, s, t) sequence (or generalized
Tribonacci sequence or generalized 3-step Fibonacci sequence)
{Wn(W0,W1,W2; r, s, t)}n≥0
(or shortly {Wn}n≥0) is defined as follows:
Wn = rWn−1 + sWn−2 + tWn−3, W0 = a,W1 = b,W2 = c, n ≥ 3 (1.1)
where W0,W1,W2 are arbitrary complex (or real) numbers and r, s, t are real numbers.
This sequence has been studied by many authors, see for example [2,3,6,7,8,10,11,12,13,17,18,23,25,26].











for n = 1, 2, 3, ... when t 6= 0. Therefore, recurrence (1.1) holds for all integer n.
As {Wn} is a third-order recurrence sequence (difference equation), it’s characteristic equa-
tion is
x3 − rx2 − sx− t = 0 (1.2)
whose roots are

































































Note that we have the following identities
α+ β + γ = r,
αβ + αγ + βγ = −s,
αβγ = t.
If ∆(r, s, t) > 0, then the Equ. (1.2) has one real (α) and two non-real solutions with the latter
being conjugate complex. So, in this case, it is well known that the generalized (r, s, t) numbers












(γ − α)(γ − β)
(1.3)
where
p1 = W2 − (β + γ)W1 + βγW0, p2 = W2 − (α+ γ)W1 + αγW0, p3 = W2 − (α+ β)W1 + αβW0.







W2 − (β + γ)W1 + βγW0
(α− β)(α− γ)
, A2 =
W2 − (α+ γ)W1 + αγW0
(β − α)(β − γ)
, A3 =
W2 − (α+ β)W1 + αβW0
(γ − α)(γ − β)
.




n of the sequence Wn.




n is the ordinary generating function of the generalized (r, s, t)









W0 + (W1 − rW0)x+ (W2 − rW1 − sW0)x2
1− rx− sx2 − tx3
. (1.4)
We next find Binet’s formula of the generalized (r, s, t) sequence (the generalized Tribonacci
sequence) {Wn} by the use of generating function for Wn.
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Theorem 2. (Binet’s formula of the generalized (r, s, t) numbers (the generalized Tribonacci numbers)) For
















2 + (W1 − rW0)α+ (W2 − rW1 − sW0),
q2 = W0β
2 + (W1 − rW0)β + (W2 − rW1 − sW0),
q3 = W0γ
2 + (W1 − rW0)γ + (W2 − rW1 − sW0).
Note that from (1.3) and (1.5) we have
W2 − (β + γ)W1 + βγW0 = W0α2 + (W1 − rW0)α+ (W2 − rW1 − sW0),
W2 − (α+ γ)W1 + αγW0 = W0β2 + (W1 − rW0)β + (W2 − rW1 − sW0),
W2 − (α+ β)W1 + αβW0 = W0γ2 + (W1 − rW0)γ + (W2 − rW1 − sW0).































Now, we present Simson’s formula of generalized Tribonacci numbers.











Proof. For a proof, see Soykan [16]. 
Next, we consider two special cases of the generalized (r, s, t) sequence {Wn} which we call
them (r, s, t) and Lucas (r, s, t) sequences. (r, s, t) sequence {Gn}n≥0 and Lucas (r, s, t) sequence
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{Hn}n≥0 are defined, respectively, by the third-order recurrence relations
Gn+3 = rGn+2 + sGn+1 + tGn, G0 = 0, G1 = 1, G2 = r, (1.8)
Hn+3 = rHn+2 + sHn+1 + tHn, H0 = 3, H1 = r,H2 = 2s+ r
2. (1.9)





















for n = 1, 2, 3, ... respectively. Therefore, recurrences (1.8)-(1.9) hold for all integers n.
For all integers n, (r, s, t), Lucas (r, s, t) and modified (r, s, t) numbers (using initial conditions






(β − α)(β − γ)
+
γn+1
(γ − α)(γ − β)
,
Hn = α
n + βn + γn,
respectively.
Lemma 1 gives the following results as particular examples (generating functions of (r, s, t)
and Lucas (r, s, t) numbers).













1− rx− sx2 − tx3
,
respectively.
The following theorem shows that the generalized Tribonacci sequence Wn at negative
indices can be expressed by the sequence itself at positive indices.






Proof. For the proof, see Soykan [19, Theorem 2.]. 
Using Theorem 5, we have the following corollary, see Soykan [19, Corollary 6].



























2 Generalized Leonardo Sequence
In this paper, we consider the case r = 2, s = 0, t = −1 and in this case we write Vn = Wn.
A generalized Leonardo sequence {Vn}n≥0 = {Vn(V0, V1, V2)}n≥0 is defined by the third-order
recurrence relations
Vn = 2Vn−1 − Vn−3 (2.1)
with the initial values V0 = c0, V1 = c1, V2 = c2 not all being zero.
The sequence {Vn}n≥0 can be extended to negative subscripts by defining
V−n = 2V−(n−2) − V−(n−3)
for n = 1, 2, 3, .... Therefore, recurrence (2.1) holds for all integer n.
(1.3) can be used to obtain Binet formula of generalized Leonardo numbers. Binet formula




















z1 = V2 − (2− α)V1 + (1− α)V0, (2.3)
z2 = V2 − (2− β)V1 + (1− β)V0, (2.4)
z3 = V2 − V1 − V0. (2.5)
Here, α, β and γ are the roots of the cubic equation
x3 − 2x2 + 1 =
(
x2 − x− 1
)


















α+ β + γ = 2,
αβ + αγ + βγ = 0,
αβγ = −1,
or
α+ β = 1, αβ = −1.
The first few generalized Leonardo numbers with positive subscript and negative subscript
are given in the following Table 1.
Table 1. A few generalized Leonardo numbers
n Vn V−n
0 V0 V0
1 V1 2V1 − V2
2 V2 2V0 − V1
3 2V2 − V0 4V1 − V0 − 2V2
4 4V2 − V1 − 2V0 4V0 − 4V1 + V2
5 7V2 − 2V1 − 4V0 9V1 − 4V0 − 4V2
6 12V2 − 4V1 − 7V0 9V0 − 12V1 + 4V2
7 20V2 − 7V1 − 12V0 22V1 − 12V0 − 9V2
8 33V2 − 12V1 − 20V0 22V0 − 33V1 + 12V2
9 54V2 − 20V1 − 33V0 56V1 − 33V0 − 22V2
10 88V2 − 33V1 − 54V0 56V0 − 88V1 + 33V2
11 143V2 − 54V1 − 88V0 145V1 − 88V0 − 56V2
12 232V2 − 88V1 − 143V0 145V0 − 232V1 + 88V2
13 376V2 − 143V1 − 232V0 378V1 − 232V0 − 145V2
Now we define three special cases of the sequence {Vn}. Modified Leonardo sequence
{Gn}n≥0, Leonardo-Lucas sequence {Hn}n≥0 and Leonardo sequence {ln}n≥0 are defined, re-
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spectively, by the third-order recurrence relations
Gn = 2Gn−1 −Gn−3, G0 = 0, G1 = 1, G2 = 2, (2.6)
Hn = 2Hn−1 −Hn−3, H0 = 3, H1 = 2, H2 = 4, (2.7)
ln = 2ln−1 − ln−3, l0 = 1, l1 = 1, l2 = 3, (2.8)
The sequences {Gn}n≥0, {Hn}n≥0 and {ln}n≥0 can be extended to negative subscripts by
defining
G−n = 2G−(n−2) −G−(n−3)
H−n = 2H−(n−2) −H−(n−3)
l−n = 2l−(n−2) − l−(n−3)
for n = 1, 2, 3, ... respectively. Therefore, recurrences (2.6)-(2.8) hold for all integer n.
Gn, Hn and ln are the sequences A000071, A001612, A001595 in [15], respectively.
Next, we present the first few values of the modified Leonardo, Leonardo-Lucas and Leonardo
numbers with positive and negative subscripts:
Table 2. The first few values of the special third-order numbers with positive and negative
subscripts.
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
Gn 0 1 2 4 7 12 20 33 54 88 143 232 376 609
G−n 0 −1 0 −2 1 −4 4 −9 12 −22 33 −56 88
Hn 3 2 4 5 8 12 19 30 48 77 124 200 323 522
H−n 0 4 −3 8 −10 19 −28 48 −75 124 −198 323 −520
l−n 1 1 3 5 9 15 25 41 67 109 177 287 465 753
l−n −1 1 −3 3 −7 9 −17 25 −43 67 −111 177 −289
For all integers n, modified Leonardo, Leonardo-Lucas and Leonardo numbers (using initial






(β − α)(β − γ)
+
γn+1



























Gn = Fn+2 − 1, (2.9)
Hn = Ln + 1, (2.10)
ln = 2Fn+1 − 1. (2.11)




n of the sequence Vn.














V0 + (V1 − 2V0)x+ (V2 − 2V1)x2
1− 2x+ x3
.
Proof. Take r = 2, s = 0, t = −1 in Lemma 1. 
The previous lemma gives the following results as particular examples.
























There is a well-known Simson Identity (formula) for Fibonacci sequence {Fn}, namely,
Fn+1Fn−1 − F 2n = (−1)n
which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula)
as well. This can be written in the form∣∣∣∣∣∣ Fn+1 FnFn Fn−1
∣∣∣∣∣∣ = (−1)n.









n(−V 32 + V 31 − V 30 + 2(2V1V 22 + V0V 21 − 2V 21 V2 + V 20 V2)− 3V0V1V2).
Proof. Take r = 2, s = 0, t = −1 in Theorem 3. 
The previous theorem gives the following results as particular examples.
Corollary 10. For all integers n, Simson formula of modified Leonardo, Leonardo-Lucas and Leonardo




















In this section, we obtain some identities of modified Leonardo, Leonardo-Lucas and Leonardo
numbers. First, we can give a few basic relations between {Vn} and {Gn}.
Lemma 11. The following equalities are true:
(a) Vn = (4V1 − V0 − 2V2)Gn+4 + (4V0 − 9V1 + 4V2)Gn+3 + (4V1 − 4V0 − V2)Gn+2.
(b) Vn = (2V0 − V1)Gn+3 + (4V1 − 4V0 − V2)Gn+2 + (V0 − 4V1 + 2V2)Gn+1.
(c) Vn = (2V1 − V2)Gn+2 + (V0 − 4V1 + 2V2)Gn+1 + (V1 − 2V0)Gn.
(d) Vn = V0Gn+1 + (V1 − 2V0)Gn + (V2 − 2V1)Gn−1.
(e) Vn = V1Gn + (V2 − 2V1)Gn−1 − V0Gn−2.
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(f) (V0 + V1 − V2)(V 20 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)Gn = −(V 22 + V0V1 − 2V1V2)Vn+4 + (V 21 + 2V 22 +
2V0V1 − V0V2 − 4V1V2)Vn+3 − (V 20 − 2V0V2 + V1V2)Vn+2.
(g) (V0 +V1−V2)(V 20 −V 21 −V 22 −V0V1−V0V2 +3V1V2)Gn = (V 21 −V0V2)Vn+3− (V 20 −2V0V2 +V1V2)Vn+2 +
(V 22 + V0V1 − 2V1V2)Vn+1.
(h) (V0 + V1 − V2)(V 20 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)Gn = −(V 20 − 2V 21 + V1V2)Vn+2 + (V 22 + V0V1 −
2V1V2)Vn+1 + (−V 21 + V0V2)Vn.
(i) (V0 + V1 − V2)(V 20 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)Gn = −(2V 20 − 4V 21 − V 22 − V0V1 + 4V1V2)Vn+1 +
(−V 21 + V0V2)Vn + (V 20 − 2V 21 + V1V2)Vn−1.
(j) (V0+V1−V2)(V 20 −V 21 −V 22 −V0V1−V0V2+3V1V2)Gn = −(4V 20 −7V 21 −2V 22 −2V0V1−V0V2+8V1V2)Vn+
(V 20 − 2V 21 + V1V2)Vn−1 + (2V 20 − 4V 21 − V 22 − V0V1 + 4V1V2)Vn−2.
Proof. Note that all the identities hold for all integers n. We prove (a). To show (a), writing
Vn = a×Gn+4 + b×Gn+3 + c×Gn+2
and solving the system of equations
V0 = a×G4 + b×G3 + c×G2
V1 = a×G5 + b×G4 + c×G3
V2 = a×G6 + b×G5 + c×G4
we find that a = 4V1 − V0 − 2V2, b = 4V0 − 9V1 + 4V2, c = 4V1 − 4V0 − V2. The other equalities can be
proved similarly.
Note that all the identities in the above Lemma can be proved by induction as well.
Next, we present a few basic relations between {Vn} and {Hn}.
Lemma 12. The following equalities are true:
(a) 5Vn = −(4V0 + 8V1 − 7V2)Hn+4 + (V0 + 12V1 − 8V2)Hn+3 + (8V0 + V1 − 4V2)Hn+2.
(b) 5Vn = −(7V0 + 4V1 − 6V2)Hn+3 + (8V0 + V1 − 4V2)Hn+2 + (4V0 + 8V1 − 7V2)Hn+1.
(c) 5Vn = −(6V0 + 7V1 − 8V2)Hn+2 + (4V0 + 8V1 − 7V2)Hn+1 + (7V0 + 4V1 − 6V2)Hn.
(d) 5Vn = −(8V0 + 6V1 − 9V2)Hn+1 + (7V0 + 4V1 − 6V2)Hn + (6V0 + 7V1 − 8V2)Hn−1.
(e) 5Vn = −(9V0 + 8V1 − 12V2)Hn + (6V0 + 7V1 − 8V2)Hn−1 + (8V0 + 6V1 − 9V2)Hn−2.
(f) (V0 +V1−V2)(V 20 −V 21 −V 22 −V0V1−V0V2 + 3V1V2)Hn = (3V 21 + 4V 22 + 4V0V1− 3V0V2− 8V1V2)Vn+4−




2 + 8V0V1 − 10V0V2 − 13V1V2)Vn+3 + (4V 20 + 3V 22 + 3V0V1 − 8V0V2 − 2V1V2)Vn+2.
69
Soykan, Y.
(g) (V0 +V1−V2)(V 20 −V 21 −V 22 −V0V1−V0V2 + 3V1V2)Hn = −(3V 20 −2V 21 −4V0V2 + 3V1V2)Vn+3 + (4V 20 +
3V 22 + 3V0V1 − 8V0V2 − 2V1V2)Vn+2 − (3V 21 + 4V 22 + 4V0V1 − 3V0V2 − 8V1V2)Vn+1.
(h) (V0 +V1−V2)(V 20 −V 21 −V 22 −V0V1−V0V2 + 3V1V2)Hn = −(2V 20 − 4V 21 − 3V 22 − 3V0V1 + 8V1V2)Vn+2−
(3V 21 + 4V
2
2 + 4V0V1 − 3V0V2 − 8V1V2)Vn+1 + (3V 20 − 2V 21 − 4V0V2 + 3V1V2)Vn.
(i) (V0 + V1 − V2)(V 20 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)Hn = −(4V 20 − 5V 21 − 2V 22 − 2V0V1 − 3V0V2 +
8V1V2)Vn+1 + (3V
2
0 − 2V 21 − 4V0V2 + 3V1V2)Vn + (2V 20 − 4V 21 − 3V 22 − 3V0V1 + 8V1V2)Vn−1.
(j) (V0 + V1 − V2)(V 20 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)Hn = −(5V 20 − 8V 21 − 4V 22 − 4V0V1 − 2V0V2 +
13V1V2)Vn+(2V
2
0 −4V 21 −3V 22 −3V0V1+8V1V2)Vn−1+(4V 20 −5V 21 −2V 22 −2V0V1−3V0V2+8V1V2)Vn−2.
Now, we give a few basic relations between {Vn} and {ln}.
Lemma 13. The following equalities are true:
(a) 2Vn = (3V0 − V2)ln+4 − (5V0 − 3V1)ln+3 − (5V1 − 3V2)ln+2.
(b) 2Vn = (V0 + 3V1 − 2V2)ln+3 − (5V1 − 3V2)ln+2 − (3V0 − V2)ln+1.
(c) 2Vn = (2V0 + V1 − V2)ln+2 − (3V0 − V2)ln+1 − (V0 + 3V1 − 2V2)ln.
(d) 2Vn = (V0 + 2V1 − V2)ln+1 − (V0 + 3V1 − 2V2)ln − (2V0 + V1 − V2)ln−1.
(e) 2Vn = (V0 + V1)ln − (2V0 + V1 − V2)ln−1 − (V0 + 2V1 − V2)ln−2.
(f) (V0 +V1−V2)(V 20 −V 21 −V 22 −V0V1−V0V2 + 3V1V2)ln = (V 20 +V 21 +V 22 +V0V1− 3V0V2−V1V2)Vn+4−




2 + 3V0V1 − 7V0V2 − 3V1V2)Vn+3 + (V 20 + V 21 + 3V 22 + 3V0V1 − 3V0V2 − 5V1V2)Vn+2.
(g) (V0 +V1−V2)(V 20 −V 21 −V 22 −V0V1−V0V2 + 3V1V2)ln = −(V 20 −V 21 +V 22 +V0V1−V0V2−V1V2)Vn+3 +




2 + 3V0V1 − 3V0V2 − 5V1V2)Vn+2 − (V 20 + V 21 + V 22 + V0V1 − 3V0V2 − V1V2)Vn+1.
(h) (V0 +V1−V2)(V 20 −V 21 −V 22 −V0V1−V0V2 +3V1V2)ln = −(V 20 −3V 21 −V 22 −V0V1 +V0V2 +3V1V2)Vn+2−




2 + V0V1 − 3V0V2 − V1V2)Vn+1 + (V 20 − V 21 + V 22 + V0V1 − V0V2 − V1V2)Vn.
(i) (V0 +V1−V2)(V 20 −V 21 −V 22 −V0V1−V0V2 +3V1V2)ln = −(3V 20 −5V 21 −V 22 −V0V1−V0V2 +5V1V2)Vn+1 +
(V 20 − V 21 + V 22 + V0V1 − V0V2 − V1V2)Vn + (V 20 − 3V 21 − V 22 − V0V1 + V0V2 + 3V1V2)Vn−1.
(j) (V0+V1−V2)(V 20 −V 21 −V 22 −V0V1−V0V2+3V1V2)ln = −(5V 20 −9V 21 −3V 22 −3V0V1−V0V2+11V1V2)Vn+
(V 20 − 3V 21 − V 22 − V0V1 + V0V2 + 3V1V2)Vn−1 + (3V 20 − 5V 21 − V 22 − V0V1 − V0V2 + 5V1V2)Vn−2.
Next, we present a few basic relations between {Gn} and {Hn}.
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Lemma 14. The following equalities are true
5Gn = 6Hn+4 − 4Hn+3 − 7Hn+2,
5Gn = 8Hn+3 − 7Hn+2 − 6Hn+1,
5Gn = 9Hn+2 − 6Hn+1 − 8Hn,
5Gn = 12Hn+1 − 8Hn − 9Hn−1,
5Gn = 16Hn − 9Hn−1 − 12Hn−2,
and
Hn = −3Gn+4 + 10Gn+3 − 8Gn+2,
Hn = 4Gn+3 − 8Gn+2 + 3Gn+1,
Hn = 3Gn+1 − 4Gn,
Hn = 2Gn − 3Gn−2.
Next, we give a few basic relations between {Gn} and {ln}.
Lemma 15. The following equalities are true
2Gn = −2ln+4 + 3ln+3 + ln+2,
2Gn = −ln+3 + ln+2 + 2ln+1,
2Gn = −ln+2 + 2ln+1 + ln,
2Gn = ln + ln−1,
and
ln = −3Gn+4 + 7Gn+3 − 3Gn+2,
ln = Gn+3 − 3Gn+2 + 3Gn+1,
ln = −Gn+2 + 3Gn+1 −Gn,
ln = Gn+1 −Gn +Gn−1,
ln = Gn +Gn−1 −Gn−2.
Now, we present a few basic relations between {Hn} and {ln}.
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Lemma 16. The following equalities are true
2Hn = 5ln+4 − 9ln+3 + 2ln+2,
2Hn = ln+3 + 2ln+2 − 5ln+1,
2Hn = 4ln+2 − 5ln+1 − ln,
2Hn = 3ln+1 − ln − 4ln−1,
2Hn = 5ln − 4ln−1 − 3ln−2,
and
5ln = 9Hn+4 − 11Hn+3 − 3Hn+2,
5ln = 7Hn+3 − 3Hn+2 − 9Hn+1,
5ln = 11Hn+2 − 9Hn+1 − 7Hn,
5ln = 13Hn+1 − 7Hn − 11Hn−1,
5ln = 19Hn − 11Hn−1 − 13Hn−2.
5 Relations Betwen Special Numbers
In this section we present identities on modified Leonardo, Leonardo-Lucas and Leonardo
numbers and Fibonacci and Lucas numbers. We know that
Gn = Fn+2 − 1
Hn = Ln + 1
ln = 2Fn+1 − 1
We also note that from Lemma 14, Lemma 14 and Lemma 16, we have, respectively,
5Gn = 9Hn+2 − 6Hn+1 − 8Hn,
Hn = 3Gn+1 − 4Gn,
5ln = 11Hn+2 − 9Hn+1 − 7Hn.
Using the above identities we see that
5Gn = 3Ln+1 + Ln − 5, (5.1)
Hn = 2Fn+1 − Fn + 1, (5.2)
5ln = 2Ln+1 + 4Ln − 5. (5.3)
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Using the above identities we obtain the following Binet’s formula of generalized Leonardo
numbers in the following forms.




(V2 + V1 − 2V0)Ln+1 +
1
5
(2V2 − 3V1 + V0)Ln − (V2 − V1 − V0)




(V2 + V1 − 2V0)Hn+1 +
1
5
(2V2 − 3V1 + V0)Hn +
1
5




(V1 − V0)ln+1 +
1
2
(V2 − 2V1 + V0)ln +
1
2
(−V2 + V1 + 2V0).
By Lemma 11, we know that
(V0 + V1 − V2)(V 20 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)Gn
= −(V 20 − 2V 21 + V1V2)Vn+2 + (V 22 + V0V1 − 2V1V2)Vn+1 + (−V 21 + V0V2)Vn
so the identity
Vn = (V1 − V0)Gn + (V2 − 2V1 + V0)Gn−1 + V0
can be written in the following form
(V0 + V1 − V2)(V 20 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)Vn
= (V1 − V0)(−(V 20 − 2V 21 + V1V2)Vn+2 + (V 22 + V0V1 − 2V1V2)Vn+1 + (−V 21 + V0V2)Vn)
+(V2 − 2V1 + V0)(−(V 20 − 2V 21 + V1V2)Vn+1 + (V 22 + V0V1 − 2V1V2)Vn + (−V 21 + V0V2)Vn−1)
+(V0 + V1 − V2)(V 20 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)V0
6 Special Identities
We now present a few special identities for the generalized Leonardo sequence {Vn}.
Theorem 17. (Catalan’s identity of the generalized Leonardo sequence) For all integers n and m, the
following identity holds:
Vn+mVn−m − V 2n = ((V1 − V0)Fn+m+2 + (V2 − 2V1 + V0)Fn+m+1 − (V2 − V1 − V0))((V1 − V0)Fn−m+2 +
(V2 − 2V1 + V0)Fn−m+1 − (V2 − V1 − V0))− ((V1 − V0)Fn+2 + (V2 − 2V1 + V0)Fn+1 − (V2 − V1 − V0))2.
Proof. We use the identity (Binet’s formula of Vn)
Vn = (V1 − V0)Fn+2 + (V2 − 2V1 + V0)Fn+1 − (V2 − V1 − V0).  (6.1)
As special cases of the above theorem, we have the following corollary.
73
Soykan, Y.
Corollary 18. For all integers n and m, the following identities hold:
(a) Gn+mGn−m −G2n = (F−m+n+2 − 1)Fm+n+2 − Fn−m+2 − F 2n+2 + 2Fn+2.
(b) Hn+mHn−m −H2n = (F−m+n+2 − 3F−m+n+1 − 1)Fm+n+2 + 3(−F−m+n+2 + 3F−m+n+1 + 1)Fm+n+1 +
3Fn−m+1 − Fn−m+2 − F 2n+2 − 9F 2n+1 + 6Fn+1Fn+2 + 2Fn+2 − 6Fn+1.
(c) ln+mln−m − l2n = 2(2F−m+n+1 − 1)Fm+n+1 − 2Fn−m+1 − 4F 2n+1 + 4Fn+1.
Note that for m = 1 in Catalan’s identity of the generalized Leonardo sequence, we get the
Cassini identity for the generalized Leonardo sequnce.
Theorem 19. (Cassini’s identity of the generalized Leonardo sequence) For all integers n, the following
identity holds:
Vn+1Vn−1−V 2n = (−V 22 −V 21 +V 20 +3V1V2−V0V2−V0V1)F 2n+1 +(V 22 +V 21 −V 20 −3V1V2 +V0V2 +V0V1)F 2n
+ (V2 − 3V1 + 2V0)(V2 − V1 − V0)Fn+1 + (2V2 − 5V1 + 3V0)(−V2 + V1 + V0)Fn + (V 22 + V 21 − V 20 − 3V1V2 +
V0V2 + V0V1)Fn+1Fn.
Corollary 20. For all integers n, the following identities hold:
(a) Gn+1Gn−1 −G2n = F 2n+1 − F 2n − FnFn+1 − Fn+1 + Fn.
(b) Hn+1Hn−1 −H2n = −5F 2n+1 + 5F 2n + 5FnFn+1 − 4Fn+1 + 7Fn.
(c) ln+1ln−1 − l2n = 2(−2F 2n+1 + 2F 2n + 2FnFn+1 + Fn+1 − 2Fn).
The d’Ocagne’s and Melham’s identities can also be obtained by using (6.1). The next
theorem presents d’Ocagne’s, Gelin-Cesàro’s and Melham’s identities of generalized Leonardo
sequence {Vn}.
Theorem 21. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
Vm+1Vn − VmVn+1 = (V0 − V1)(V0 + V1 − V2)(Fn+1 − Fm+1) + (V0 − 2V1 + V2)(V0 + V1 − V2)(Fm −
Fn) + (V
2
0 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)(FnFm+1 − FmFn+1).
(b) (Melham’s identity)
Vn+1Vn+2Vn+6 − V 3n+3 = (V 20 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)(−(V1 − V2)F 3n+1 + (V0 − V1)F 3n +
(V0 − V2)Fn+1F 2n − (V0 − 2V1 + V2)F 2n+1Fn) + (V0 + V1 − V2)((5V0 + 2V1 − 7V2)(V0 + V1 − 2V2)F 2n+1 +
(V0 − V2)(2V0 + 3V1 − 5V2)F 2n + (7V 20 + 3V 21 + 17V 22 + 7V0V1 − 21V0V2 − 13V1V2)Fn+1Fn) + (V0 + V1 −
V2)
2(−(4V0 + 3V1 − 7V2)Fn+1 −(3V0 + V1 − 4V2)Fn).
74
Soykan, Y.
Proof. Use the identity (6.1). 
As special cases of the above theorem, we have the following three corollaries. First one
presents d’Ocagne’s and Melham’s identities of modified Leonardo sequence {Gn}.
Corollary 22. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
Gm+1Gn −GmGn+1 = (Fn+1 − Fm+1) + (FnFm+1 − FmFn+1).
(b) (Melham’s identity)
Gn+1Gn+2Gn+6 −G3n+3 = F 3n+1 − F 3n − 36F 2n+1 − 14F 2n − 2F 2nFn+1 − 45FnFn+1 + 11Fn+1 + 7Fn.
Second one presents d’Ocagne’s and Melham’s identities of Leonardo-Lucas sequence {Hn}.
Corollary 23. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
Hm+1Hn −HmHn+1 = (Fn+1 − Fm+1) + 3(Fm − Fn)− 5(FnFm+1 − FmFn+1).
(b) (Melham’s identity)
Hn+1Hn+2Hn+6−H3n+3 = −10F 3n+1−5F 3n+27F 2n+1+8F 2n+15FnF 2n+1+5F 2nFn+1+33FnFn+1+10Fn+1+5Fn.
Third one presents d’Ocagne’s and Melham’s identities of Leonardo sequence {ln}.
Corollary 24. Let n and m be any integers. Then the following identities are true:
(a) (d’Ocagne’s identity)
lm+1ln − lmln+1 = −2(Fm − Fn)− 4(FnFm+1 − FmFn+1).
(b) (Melham’s identity)
ln+1ln+2ln+6− l3n+3 = 2(−4F 3n+1− 28F 2n+1− 10F 2n + 4FnF 2n+1 + 4F 2nFn+1 + 7Fn+1 + 4Fn− 34FnFn+1).
7 On the Recurrence Properties of Generalized Leonardo Sequence
Taking r = 2, s = 0, t = −1 in Theorem 5 (a) and (b), we obtain the following Proposition.
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Proposition 25. For n ∈ Z, generalized Leonardo numbers (the case r = 2, s = 0, t = −1) have the following
identity:




From the above Proposition and Corollary 6, we have the following corollary which gives
the connection between the special cases of generalized Leonardo sequence at the positive
index and the negative index: for modified Leonardo, Leonardo-Lucas and Leonardo numbers:
take Wn = Gn with G0 = 0, G1 = 1, G2 = 2, take Wn = Hn with H0 = 3, H1 = 2, H2 = 4, and Wn = ln
with l0 = 1, l1 = 1, l2 = 3, respectively. Note that in this case Hn = Hn.
Corollary 26. For n ∈ Z, we have the following recurrence relations:



















(−1)−n(16l2n+2 + 25l2n+1 + 5l2n − 40ln+1ln+2 − 24lnln+2 + 30lnln+1 − 8l2n+2 + 10l2n+1 + 10l2n).
Note also that since ln = 2Fn+1 − 1 and F−n = (−1)n+1Fn, we get
l−n = 2F−n+1 − 1 = 2(−1)nFn−1 − 1
= (−1)n(ln−2 + 1)− 1.
8 Sums
The following Corollary gives sum formulas of Fibonacci and Lucas numbers.






k=0 Fk = 2Fn + Fn−1 − 1.
(b)
∑n
k=0 F2k = 2F2n − F2n−2 − 1.
(c)
∑n




k=0 Lk = 2Ln + Ln−1 − 1.
(b)
∑n
k=0 L2k = 2L2n − L2n−2 + 1.
(c)
∑n
k=0 L2k+1 = 2L2n+1 − L2n−1 − 2.
Proof. It is given in Soykan [20, Corollary 4.5.]. 
The following Corollary presents sum formulas of modified Leonardo, Leonardo-Lucas and
Leonardo numbers.





k=0Gk = 3Fn+1 + 2Fn − 3− n.
(b)
∑n
k=0G2k = 2F2n+1 + F2n − 2− n.
(c)
∑n




k=0Hk = 2Ln + Ln−1 + n.
(b)
∑n
k=0H2k = 2L2n − L2n−2 + 2 + n.
(c)
∑n




k=0 lk = 4Fn+1 + 2Fn − 3− n.
(b)
∑n
k=0 l2k = 2(F2n+1 + F2n)− (n+ 1).
(c)
∑n
k=0 l2k+1 = 4F2n+1 + 2F2n − 3− n.
Proof. The proof follows from Corollary 27 and the identities (2.9), (2.10) and (2.11), i.e.,
Gn = Fn+2 − 1,
Hn = Ln + 1,
ln = 2Fn+1 − 1. 
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The following Corollary gives sum formulas of squares of Fibonacci and Lucas numbers.
















n − L2n−1 − 5 (−1)
n
+ 2.
Proof. It is given in Soykan [21, Corollary 2.3.]. 
The following Corollary presents sum formulas of squares of modified Leonardo, Leonardo-
Lucas and Leonardo numbers.










n + 4FnFn+1 − 6Fn+1 − 4Fn + (−1)
n







n − L2n−1 + 4Ln + 2Ln−1 − 5 (−1)
n







n + 8FnFn+1 − 8Fn+1 − 4Fn + 4 (−1)
n
+ 5 + n.
Proof. The proof follows from Corollary 29, Corollary 27 and the identities (2.9), (2.10)
and (2.11). 
The following Corollary gives sum formulas of cubes of Fibonacci and Lucas numbers.











n−1 + 3 (−1)
n











n−1 + 3 (−1)
n
(4Ln+1 − 9Ln + Ln−1) + 38).
Proof. It is given in Soykan [22, Corollary 2.3.]
The following Corollary presents sum formulas of cubes of modified Leonardo, Leonardo-
Lucas and Leonardo numbers.










n+1 − 12F 2n+1 + 8F 3n − 24F 2n + 9FnF 2n+1 + 15F 2nFn+1 − 48FnFn+1 + 36Fn+1 + 24Fn +






















n − 12F 2n − 6FnF 2n+1 + 6F 2nFn+1 − 24FnFn+1 + 12Fn+1 + 6Fn + 6(−1)n(2Fn −
Fn+1 − 2)− 3− n
Proof. The proof follows from Corollary 31, Corollary 29, Corollary 27 and the identities
(2.9), (2.10) and (2.11). 
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9 Matrices Related With Generalized Leonardo numbers


































































Theorem 33. For all integer m,n ≥ 0, we have




(c) Cn+m = CnBm = BmCn.
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Proof. Take r = 2, s = 0, t = −1 in Soykan [18, Theorem 5.1.]. 
Some properties of matrix An can be given as
An = 2An−1 −An−3
and
An+m = AnAm = AmAn
and
det(An) = 1
for all integer m and n.
Corollary 34. For all integers n, we have the following formulas for the modified Leonardo, Leonardo-
Lucas and Leonardo numbers.

















9Hn+3 − 6Hn+2 − 8Hn+1 −(9Hn+1 − 6Hn − 8Hn−1) −(9Hn+2 − 6Hn+1 − 8Hn)
9Hn+2 − 6Hn+1 − 8Hn −(9Hn − 6Hn−1 − 8Hn−2) −(9Hn+1 − 6Hn − 8Hn−1)





−ln+3 + 2ln+2 + ln+1 −(−ln+1 + 2ln + ln−1) −(−ln+2 + 2ln+1 + ln)
−ln+2 + 2ln+1 + ln −(−ln + 2ln−1 + ln−2) −(−ln+1 + 2ln + ln−1)
−ln+1 + 2ln + ln−1 −(−ln−1 + 2ln−2 + ln−3) −(−ln + 2ln−1 + ln−2)
 .
Proof.
(a) It is given in Theorem 33 (a).
(b) Note that, from Lemma 14, we have
5Gn = 9Hn+2 − 6Hn+1 − 8Hn.
Using the last equation and (a), we get required result.
(c) Note that, from Lemma 15, we have
2Gn = −ln+2 + 2ln+1 + ln.
Using the last equation and (a), we get required result. 
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Using the above last Corollary and the identities (2.9), (2.10) and (2.11) we obtain the
following identities for Fibonacci and Lucas numbers.











Fn+3 − 1 −Fn+1 + 1 −Fn+2 + 1
Fn+2 − 1 −Fn + 1 −Fn+1 + 1












3Ln+2 + Ln+1 − 5 −3Ln − Ln−1 + 5 −3Ln+1 − Ln + 5
3Ln+1 + Ln − 5 −3Ln−1 − Ln−2 + 5 −3Ln − Ln−1 + 5
3Ln + Ln−1 − 5 −3Ln−2 − Ln−3 + 5 −3Ln−1 − Ln−2 + 5
 .
Theorem 36. For all integers m,n, we have
Vn+m = VnGm+1 − Vn−1Gm−1 − Vn−2Gm (9.3)
Proof. Take r = 2, s = 0, t = −1 in Soykan [18, Theorem 5.2.]. 
By Lemma 11, we know that
(V0 + V1 − V2)(V 20 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)Gn
= −(V 20 − 2V 21 + V1V2)Vn+2 + (V 22 + V0V1 − 2V1V2)Vn+1 + (−V 21 + V0V2)Vn,
so (9.3) can be written in the following form
(V0 + V1 − V2)(V 20 − V 21 − V 22 − V0V1 − V0V2 + 3V1V2)Vn+m
= Vn(−(V 20 − 2V 21 + V1V2)Vm+3 + (V 22 + V0V1 − 2V1V2)Vm+2 + (−V 21 + V0V2)Vm+1)
−Vn−1(−(V 20 − 2V 21 + V1V2)Vm+1 + (V 22 + V0V1 − 2V1V2)Vm + (−V 21 + V0V2)Vm−1)
−Vn−2(−(V 20 − 2V 21 + V1V2)Vm+2 + (V 22 + V0V1 − 2V1V2)Vm+1 + (−V 21 + V0V2)Vm).
Corollary 37. For all integers m,n, we have
Gn+m = GnGm+1 −Gn−1Gm−1 −Gn−2Gm,
Hn+m = HnGm+1 −Hn−1Gm−1 −Hn−2Gm,






2lm+n = ln(−lm+3 + 2lm+2 + lm+1)− ln−1(−lm+1 + 2lm + lm−1)− ln−2(−lm+2 + 2lm+1 + lm).
Taking m = n in the last corollary we obtain the following identities:
G2n = Gn (Gn+1 −Gn−2)−G2n−1,
H2n = HnGn+1 −Hn−1Gn−1 −Hn−2Gn,
l2n = lnGn+1 − ln−1Gn−1 − ln−2Gn,
5H2n = Hn(9Hn+3 − 6Hn+2 − 8Hn+1 + 6Hn−1 + 8Hn−2)
+Hn−1(8Hn−1 − 9Hn+1) + 3Hn−2(2Hn+1 − 3Hn+2),
2l2n = −l2n−1 + ln(−ln+3 + 2ln+2 + ln+1 − 2ln−1 − ln−2) + ln+1 (ln−1 − 2ln−2) + ln+2ln−2.
Taking m = n+ 1 in the last corollary we obtain the following identities:
G2n+1 = GnGn+2 −Gn−1Gn −Gn−2Gn+1,
H2n+1 = HnGn+2 −Hn−1Gn −Hn−2Gn+1,
l2n+1 = lnGn+2 − ln−1Gn − ln−2Gn+1,
5H2n+1 = Hn(9Hn+4 − 6Hn+3 − 8Hn+2 + 8Hn−1)
+2Hn+1(4Hn−2 + 3Hn−1) + 3Hn−2(−3Hn+3 + 2Hn+2)− 9Hn−1Hn+2,
2l2n+1 = −ln(ln+4 − 2ln+3 − ln+2 + ln−1)− ln+1(ln−2 + 2ln−1) + ln+2(ln−1 − 2ln−2) + ln+3ln−2.
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[1] Alp, Y., Koçer, G., Some Properties of Leonardo Numbers, Konuralp Journal of Mathe-
matics, 9(1), 183-189, 2021.
[2] Bruce, I., A modified Tribonacci sequence, Fibonacci Quarterly, 22(3), 244–246, 1984.
[3] Catalani, M., Identities for Tribonacci-related sequences, arXiv:math/0209179, 2012.
[4] P, Catarino., Borges, A., A Note on Incomplete Leonardo Numbers, Integers, Vol:20,
2020.
[5] P, Catarino., Borges, A., On Leonardo Numbers, Acta Mathematica Universitatis Come-
nianae, 89(1), 75–86, 2019.
[6] Choi, E., Modular Tribonacci Numbers by Matrix Method, Journal of the Korean Society




[7] Elia, M., Derived Sequences, The Tribonacci Recurrence and Cubic Forms, Fibonacci
Quarterly, 39 (2), 107-115, 2001.
[8] Er, M. C., Sums of Fibonacci Numbers by Matrix Methods, Fibonacci Quarterly, 22(3),
204-207, 1984.
[9] Kalman, D., Generalized Fibonacci Numbers By Matrix Methods, Fibonacci Quarterly,
20(1), 73-76, 1982.
[10] Lin, P. Y., De Moivre-Type Identities For The Tribonacci Numbers, Fibonacci Quarterly,
26, 131-134, 1988.
[11] Pethe, S., Some Identities for Tribonacci sequences, Fibonacci Quarterly, 26(2), 144–151,
1988.
[12] Scott, A., Delaney, T., Hoggatt Jr., V., The Tribonacci sequence, Fibonacci Quarterly,
15(3), 193–200, 1977.
[13] Shannon, A., Tribonacci numbers and Pascal’s pyramid, Fibonacci Quarterly, 15(3), pp.
268 and 275, 1977.
[14] Shannon, A.G., A Note On Generalized Leonardo Numbers, Notes on Number Theory
and Discrete Mathematics, Vol:25, No. 3 (2019), 97-101.
[15] Sloane, N.J.A., The on-line encyclopedia of integer sequences, http://oeis.org/
[16] Soykan, Y., Simson Identity of Generalized m-step Fibonacci Numbers, Int. J. Adv. Appl.
Math. and Mech. 7(2), 45-56, 2019.
[17] Soykan, Y. Tribonacci and Tribonacci-Lucas Sedenions. Mathematics 7(1), 74, 2019.
[18] Soykan Y., A Study On Generalized (r,s,t)-Numbers, MathLAB Journal, 7, 101-129, 2020.
[19] Soykan, Y. On the Recurrence Properties of Generalized Tribonacci Se-
quence, Earthline Journal of Mathematical Sciences, 6(2), 253-269, 2021.
https://doi.org/10.34198/ejms.6221.253269
[20] Soykan, Y., Some Properties of Generalized Fibonacci Numbers: Identities, Recurrence
Properties and Closed Forms of the Sum Formulas
∑n
k=0 x
kWmk+j , Archives of Current
Research International, 21(3), 11-38, 2021. DOI: 10.9734/ACRI/2021/v21i330235
[21] Soykan, Y., Generalized Fibonacci Numbers with Indices in Arithmetic Progression
and Sum of Their Squares: the Sum Formula
∑n
k=0 x
kW 2mk+j , Journal of Advances
83
Soykan, Y.
in Mathematics and Computer Science, 36(6), 30-62, 2021; ISSN: 2456-9968. DOI:
10.9734/JAMCS/2021/v36i630371
[22] Soykan, Y., Sums of Cubes of Generalized Fibonacci Numbers with Indices in Arithmetic
Progression: the Sum Formulas
∑n
k=0 x
kW 3mk+j , Int. J. Adv. Appl. Math. and Mech. 9(1),
6-41, 2021.
[23] Spickerman, W., Binet’s formula for the Tribonacci sequence, Fibonacci Quarterly, 20,
118–120, 1982.
[24] Vieira, R.P.M., Alves F.R.V., Catarino, P.M., Relacoes Bidimensionais E Identidades
Da Sequencia De Leonardo, Revista Sergipana de Matematica e Educaçao Matematica,
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